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According to the second law of thermodynamics, thermal interactions of material bodies lead to 
an increase in entropy. Black-hole thermodynamics has unknowingly repudiated this law of Nature. 

The desideratum of black-hole thermodynamics is 
to relate the second law to the area theorem [1]. Just 
as the entropy will inevitably increase when material 
bodies at different temperatures are allowed to inter-
act thermally, so too will the surface area of a black-
hole when it undergoes any dynamical process [2], 
The simplest relation, which does not contradict any 
conservation law, is a proport ional i ty between the 
entropy S and the surface area srf [3], 

S = rjk.x//l2, (1) 

where / = yjh G/c3 is the Planck length. The constants 
k, h, G and c are, respectively, Boltzmann's constant , 
Planck's constant divided by 2n , Newton ' s gravita-
tional constant and the velocity of light in vacuum. 
The numerical factor, was subsequently fixed at 1/4 
by Hawking. Expression (1) is known as the Beken-
stein-Hawking entropy, and it forms the basis for all 
subsequent developments in black-hole thermody-
namics. 

Planck placed a great deal of emphasis on the abso-
lute nature of the entropy and the set of universal 
constants. The units of time, length, mass and temper-
ature, which can be constructed f rom combina t ions of 
the fundamenta l set of constants, would truly be "in-
dependent of part icular bodies or substances" and 
would "necessarily retain their significance for all 
times and for all cultures, including extraterrestrial 
and non human ones". Planck referred to them as 
"natura l units" that would "retain their na tura l signif-
icance as long as the laws of gravitat ion and the prop-
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agat ion of light waves in vacuum, and the two laws of 
thermodynamics retain their validity" [4]. 

Division of the surface area by the square of the 
Planck length would, in addi t ion to rendering S/k a 
dimensionless quanti ty, allow the surface area to be 
measured in elementary units of /2 in much the same 
way tha t the volume of phase space occupied by a 
system with /-degrees of f reedom is measured in units 
of hf. Since the system can never exist in a state of 
phase volume less than hf and since the ent ropy is 
p ropor t iona l to the logari thm of this ratio, it follows 
that the ent ropy continually shrinks to zero as the 
t empera ture is continually decreased. Nernst 's theo-
rem is thereby satisfied and the additive constant in 
the en t ropy expression has been fixed. This gives a 
meaning to the not ion of an "absolute" value of the 
ent ropy rather than entropy differences which are 
physically measurable. 

However , the division of the surface area by an 
elementary area cannot be vindicated by such an ap-
peal to statistical mechanics since the entropy is not 
p ropor t iona l to the logari thm of s t f / l 2 . Consequently, 
the division of stf by I2 will not merely fix the constant 
in the expression for the entropy but rather will funda-
mental ly affect the value of the entropy as well as the 
en t ropy differences which are physically measurable. 
Moreover , the phase volume is propor t ional to the 
number of microstates, or "complexions" as Boltz-
m a n n referred to them, below a given value of the 
energy, its logari thm is a measure of the " thermody-
namic probabi l i ty" or likelihood of a macros ta te cor-
responding to the number of complexions that are 
possible. In contrast , the surface area has a purely 
geometrical significance and, consequently, does not 
lend itself to the interpretat ion of an entropy as a 
measure of the number of complexions corresponding 
to a given macros ta te ; the larger the number, the more 
probable the state. 

0932-0784 / 90 / 0700-893 $ 01.30/0. - Please order a reprint rather than making your own copy. 

This work has been digitalized and published in 2013 by Verlag Zeitschrift 
für Naturforschung in cooperation with the Max Planck Society for the 
Advancement of Science under a Creative Commons Attribution-NoDerivs 
3.0 Germany License.

On 01.01.2015 it is planned to change the License Conditions (the removal 
of the Creative Commons License condition “no derivative works”). This is 
to allow reuse in the area of future scientific usage.

Dieses Werk wurde im Jahr 2013 vom Verlag Zeitschrift für Naturforschung
in Zusammenarbeit mit der Max-Planck-Gesellschaft zur Förderung der
Wissenschaften e.V. digitalisiert und unter folgender Lizenz veröffentlicht:
Creative Commons Namensnennung-Keine Bearbeitung 3.0 Deutschland
Lizenz.

Zum 01.01.2015 ist eine Anpassung der Lizenzbedingungen (Entfall der 
Creative Commons Lizenzbedingung „Keine Bearbeitung“) beabsichtigt, 
um eine Nachnutzung auch im Rahmen zukünftiger wissenschaftlicher 
Nutzungsformen zu ermöglichen.



880 B. H. Lavenda • Black-Hole versus Black-Body Thermodynamics 

In the part icular case of a non-rota t ing and un-
charged (Schwarzschild) black-hole, the entropy is 

4nkG . 
S{M)= M2, 

c h 
(2) 

where M is the mass of the black-hole. The area theo-
rem 

\/f2 i A/f2 (M, + M2) >M\ + Ml 

states that when two black-holes collide, the area of 
the event horizon, propor t ional to the square of the 
irreducible mass M, must be greater than the sum of 
the areas of the individual event horizons prior to 
collison. Owing to inequality (3), for the entropy of the 
combined black-hole holds 

S(M1+M2)>Sl(M1) + S2(M2), (4) 

which is referred to as the "superaddit ive" proper ty of 
the entropy. This property supposedly replaces con-
cavity when the latter no longer holds [5]. However, 
according to the second law, the entropy will increase 
only when the initial temperatures of the bodies are 
unequal . It is apparent that inequality (3), which forms 
the basis of the superadditivity of the entropy, (4), does 
not leave room for the eventuality that the en t ropy 
may be additive. 

Since mass and energy are related by E = M c2 , one 
can formally define a temperature according to the 
prescription 

as 
6 £ 

SnkG 

c5 h 
E = (5) 

Such a definition is, however, unacceptable thermody-
namically, since the temperature is an intensive vari-
able and not extensive like the energy or the mass. 
Proceeding formally, we may a t tempt to salvage the 
theory by enclosing the black-hole in a volume V 
greater than the Schwarzschild volume. Based solely 
on the extensivity of the entropy, an acceptable ex-
pression would be 

S{E, V) = 
4nkG E2 

c h V 
(6) 

al though it would raise havoc with inequality (3) that 
is used to determine the property of superadditivity 
(4). However, without a knowledge of the volume it 
would be impossible to do thermodynamics. Since its 
introduct ion in expression (6) in no way affects our 
conclusions, we will work with expression (6) ra ther 

than (2). The tempera ture is now defined as 

dS\ SnkG E 1 
1 = —, — = - = kß. 

dEjy c5 h V 
(7) 

In t roducing it into the fundamenta l relation (6) results 
in the canonical form 

S(E, V) = k[ß(E)E-L(ß(E), V)], 

where 

L ( ß , V ) = - f h - V ß 2 

16 n G 

(8) 

(9) 

is the Legendre t ransform of the entropy (6) with re-
spect to the energy. 

Since informat ion is not lost in the Legendre trans-
form (8) if one of the two functions is known to be 
either concave or convex, the other must be also [6]. 
F r o m the fundamenta l relation (6) it is clear that the 
ent ropy is a convex funct ion of the energy. In order to 
deduce the same f rom the canonical expression of the 
entropy, (8), we must know how ß depends on the 
energy. 

To this end, we introduce a generalized entropy 

S[ß, E, V] = k[ßE-L(ß,V)] (10) 

whose min imum value with respect to ß will turn out 
to be the the rmodynamic entropy (8). According to 
the implicit function theorem, we may solve 

dß 

dL 
E 

dß 
= 0, (11) 

since 

d2S 

dß2 # 0 , 

and obtain the curve ß (E) whose slope satisfies 

02S d2S dß _ 

dEdß + dß2 dE 

This curve is used to construct the function 

S[ß(E), E, V] = S{E,V). 

(12) 

(13) 

And since S(E,V) and L(ß,V) are Legendre trans-
forms of one another , the curve ß (£) that results from 
(11) will necessarily be the same as the one that results 
f rom the second law (7). 

When two black-holes collide - or at least are al-
lowed to interact thermally - the energy of the com-
bined black-hole is E = E ^ + E 2 and 

L(ß,V)=L1(ß,Vl)+L2(ß,V2), (14) 
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where V=Vl + V2. T h e introduction of the volume 
dependency in (6) was necessary for otherwise neither 
the en t ropy nor its Legendre t ransform would be ex-
tensive. Owing to the extensivity of energy and vol-
ume, 

5 [ß, E, V]=St [ß, Elt F J +S2 [ß, E2, V2]. (15) 

Observing that the functions S1[ß,E1,VJ and 
S2[ß, E2,V2] reach their maxima for ß = ß1(E1) and 
ß = ß2(E2), respectively, it follows tha t 

S[ß,E, V]^Sl[ßtEltVl]+S2[ptE2tV2] 

= S1(E1,V1) + S2(E2,V2). (16) 

Inequali ty (16) asserts that the en t ropy of the com-
bined system, obta ined when two black-holes are al-
low to interact thermally, is never greater than the 
sum of the entropies of the individual black-holes. The 
en t ropy has been defined as 

S(E, V) = m a x [ßE-L(ß, V)] 
ß 

= ß(E)E-L(ß(E), V), (17) 

which is a convex funct ion of E. F o r a fixed value of 
E, S [ß, E, V] is a concave function of ß. This definition 
is much more suitable for the Kullback-Leibler infor-
mat ion statistic [7] ra ther than the entropy. 

D u e to the convexity property of the entropy, it 
violates the the rmodynamic stability criterion that the 
heat capacity be positive. If such a system did exist, as 
black-hole thermodynamicis ts claim, it could be used 
to construct a perpetual motion machine of the sec-
ond type since the extract ion of heat would lead to an 
increase in the t empera ture of such a body. In Edding-
ton's words, "under classical law [stars] seemed to be 
heading towards an intolerable si tuation - the star 
could not s top losing heat, but it would have insuffi-
cient energy to be able to cool down" [8]. Yet, he 
d idnot seem to connect this with his earlier statement 
that "if your theory is found to be against the second 
law of thermodynamics I can give you no hope; there 
is no th ing for it but to collapse in deepest humiliat ion" 
[9]. 

The reason for the superadditivity property (4) is 
that when we have a /.-fold increase in the mass, with 
a> 1, ( / M) 2 > a M 2 . Consequently, the entropy of the 
final state would a lways be greater than a times the 
en t ropy of the initial state. Regretfully, the entropy of 
such a system has lost the property of extensivity. The 
en t ropy must always be extensive if the variables upon 
which it depends in the fundamenta l relation are ex-

tensive. An alterat ion of the extensive proper ty of the 
entropy would also require a similar al terat ion of the 
first law! The irreversible tendency of the ent ropy to 
increase is a result of the interact ion of bodies that are 
brought into thermal contact in which their tempera-
tures are allowed to adjust themselves thereby leading 
to a new, homogeneous state of thermal equilibrium. 

The entropy, being a mono ton ic funct ion of the 
energy, must always increase or always decrease [10]. 
It suffices to take a known physical system and show 
that the ent ropy increases. Black-holes will then be 
out-lawed as being non-physical or there is a basic 
flaw in the identification of the entropy with the area 
of a black-hole, (1). 

The fundamenta l relation for b lack-body radiat ion 
is 

S{E, F ) = § b 1 / 4 £ 3 / 4 F 1 / 4 , (18) 

in the ent ropy representat ion, where V is the volume 
of the cavity and cb/4 is the Stefan-Bol tzmann con-
stant. The ent ropy is not a funct ion of the number of 
pho tons since they are not conserved and hence there 
is no closure condit ion [11]. Nonetheless, (18) is not 
the true fundamenta l relation since it does not corre-
spond to an error law for the energy. The true funda-
mental relation was found by Planck in his study of 
black-body radiat ion, and it consists of the expression 
for the ent ropy as a logari thmic funct ion of the num-
ber of pho tons in a given frequency interval of the 
electromagnetic field. This fundamenta l relation of the 
entropy leads to a law of error, the negative binomial 
distribution, for which the average number of particles 
is the most probable value [12]. 

If the energy and volume were to undergo a /.-fold 
increase, the entropy, 

AS(E, V)=S(AE,AV), 

would increase a times for any X. The ent ropy of 
black-body radiat ion is, therefore, extensive; no in-
crease in energy or volume can destroy its extensivity 
since bo th these quanti t ies are, themselves, extensive. 

The tempera ture is defined as 

(19) 

Proceeding as before, (19) is in t roduced into the fun-
damenta l relation (18) to obta in the canonical form of 
the entropy (8), where the Legendre dual funct ion is 

L(ß,V)=-
bV 

3 k* ß: (20) 
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The generalized entropy, (10), is a saddle funct ion 
which is strictly convex in ß and weakly concave in E 
[13]. Owing to the strict convexity of the generalized 
entropy with respect to ß, we can solve (11) for the 
curve ß(E) whose corresponding pa th on the saddle 
function has the height (13). By the chain rule, 

Ö2 / 6 2 Y 
— y S ( £ , V ) = - -S[ß,E, V] J 
dE2 \dEdß 7 

' { w S [ ß , E , v ] ) 1 < 0 , ( 2 1 ) 

it follows that the the rmodynamic entropy, (13), is a 
strictly concave funct ion of the energy. 

Owing to the extensivity of energy and volume, the 
generalized entropy is also extensive. When two 

black-bodies are brought into thermal contact , having 
the same value of ß, the entropy will be given by (15). 
However, since Sj [ß , £ 1 ? V J and S2 [ß, E2, V J reach a 
minimum at ß = ß1(El) and ß = ß2(E2), respectively, 
being solutions to the stationarity condi t ion (11), it 
follows that 

S [ß, E, V]^S(ß (El),El,V1)+S2(ß (E2), E2, V2) 

= Sl(E1,Vl)+S2(E2,V2). (22) 

In words, (22) states that the entropy of a composite 
system, formed by the thermal interaction of two pre-
viously isolated systems, can never be inferior to the 
sum of the entropies of the two subsystems. It is in-
equality (22) and not (16) that contains the essence of 
the second law. 
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